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Introduction​ ​and​ ​Background​ ​-​ ​Calculus​ ​I 
 

1. Local​ ​Extrema​ ​and​ ​Absolute​ ​Extrema 
a. A​ ​​Local​ ​Maximum​​ ​exists​ ​if​ ​a​ ​point​ ​​a​​ ​is​ ​on​ ​an​ ​interval​ ​of​ ​a​ ​function​ ​and​ ​the 

corresponding​ ​​f(a)​ ​​value​​ ​​is​ ​larger​ ​than​ ​all​ ​other​ ​​f(x)​ ​​values​​ ​​in​ ​that​ ​interval.​ ​For​ ​any 
given​ ​interval,​ ​the​ ​local​ ​maximum​ ​corresponds​ ​to​ ​the​ ​largest​ ​​y​​ ​value​ ​for​ ​any​ ​given 
x​​ ​value​ ​along​ ​the​ ​interval. 

b. A​ ​​Local​ ​Minimum​​ ​exists​ ​if​ ​a​ ​point​ ​​b​​ ​is​ ​on​ ​an​ ​interval​ ​of​ ​a​ ​function​ ​and​ ​the 
corresponding​ ​​f(b)​ ​​value​ ​is​ ​larger​ ​than​ ​all​ ​other​ ​​f(x)​ ​​values​ ​in​ ​that​ ​interval.​ ​For​ ​any 
given​ ​interval,​ ​the​ ​local​ ​minimum​ ​corresponds​ ​to​ ​the​ ​smallest​ ​​y​​ ​value​ ​for​ ​any 
given​ ​x​ ​value​ ​along​ ​the​ ​interval.  

c. These​ ​definitions​ ​can​ ​be​ ​extended​ ​to​ ​a​ ​function​ ​of​ ​n​ ​variables​ ​by​ ​interchanging 
f(x)​​ ​with​ ​​f(x​1​,x​2​,x​3​,...x​n​)​​ ​and​ ​comparing​ ​at​ ​any​ ​point​ ​​(a,b,c,...n)​​ ​along​ ​the​ ​interval​ ​of 
the​ ​function​ ​which​ ​​f(a,b,...n)​ ​​value​ ​has​ ​the​ ​largest​ ​or​ ​smallest​ ​value​ ​at​ ​any​ ​interval 
of​ ​the​ ​function.  

d. An​ ​​Absolute​ ​Maximum​​ ​occurs​ ​at​ ​a​ ​point​ ​​a​​ ​if​ ​​f(a)​​ ​at​ ​that​ ​point​ ​is​ ​larger​ ​than​ ​​f(x) 
for​ ​all​ ​​x​​ ​in​ ​the​ ​domain​ ​of​ ​the​ ​function.​ ​This​ ​means​ ​there​ ​is​ ​no​ ​higher​ ​​f(x)​ ​​value​ ​for 
that​ ​function.  

e. An​ ​​Absolute​ ​Minimum​​ ​occurs​ ​at​ ​a​ ​point​ ​​b​​ ​if​ ​​f(b)​​ ​at​ ​that​ ​point​ ​is​ ​smaller​ ​than​ ​​f(x) 
for​ ​all​ ​​x​​ ​in​ ​the​ ​domain​ ​of​ ​the​ ​function.​ ​This​ ​means​ ​there​ ​is​ ​no​ ​lower​ ​​f(x)​​ ​value​ ​for 
that​ ​function.  

f. These​ ​definitions​ ​can​ ​be​ ​extended​ ​to​ ​a​ ​function​ ​of​ ​​n​​ ​variables​ ​by​ ​extending​ ​​f(x)​​ ​to 
f(x​1​,x​2​,x​3​,...x​n​)​​ ​and​ ​comparing​ ​at​ ​any​ ​point​ ​​(a,b,c,..n)​​ ​which​ ​​f(a,b,c,...n)​​ ​value​ ​is​ ​the 
largest​ ​or​ ​smallest​ ​across​ ​the​ ​entire​ ​domain​ ​of​ ​that​ ​function.  

g. A​ ​​Critical​ ​Point​​ ​is​ ​a​ ​point​ ​​a​ ​​along​ ​the​ ​domain​ ​of​ ​the​ ​function​ ​​f​​ ​at​ ​which​ ​​fô(a)=0​ ​​or 
Does​ ​Not​ ​Exist​.​ ​These​ ​values​ ​correspond​ ​to​ ​absolute​ ​or​ ​local​ ​extrema.  

h. This​ ​definition​ ​can​ ​extend​ ​to​ ​functions​ ​of​ ​more​ ​variables.​ ​Instead​ ​of​ ​taking​ ​​fô(x)​, 
the​ ​partial​ ​derivatives​ ​of​ ​the​ ​function​ ​will​ ​be​ ​used.​ ​When​ ​ =0​​ ​an​ ​absoluteδx

δf (a,b,c..n)  
or​ ​local​ ​extrema​ ​occurs. 

 
2. The​ ​Extreme​ ​Value​ ​Theorem​ ​and​ ​Fermat’s​ ​Theorem 

a. The​ ​Extreme​ ​Value​ ​Theorem:​​ ​In​ ​order​ ​for​ ​this​ ​theorem​ ​to​ ​uphold,​ ​the​ ​function 
must​ ​be​ ​continuous​ ​on​ ​the​ ​interval​ ​and​ ​the​ ​interval​ ​must​ ​be​ ​closed​ ​and​ ​bounded. 
The​ ​conclusions​ ​that​ ​can​ ​be​ ​drawn​ ​from​ ​this​ ​theorem​ ​are​ ​either​ ​an​ ​absolute 
maximum​ ​value​ ​or​ ​absolute​ ​minimum​ ​value​ ​on​ ​the​ ​interval.  

b. Fermat’s​ ​Theorem:​​ ​The​ ​conditions​ ​for​ ​this​ ​theorem​ ​are​ ​if​ ​the​ ​function​ ​has​ ​a​ ​local 
extrema​ ​and​ ​the​ ​function​ ​is​ ​differentiable​ ​at​ ​that​ ​point.​ ​The​ ​conclusion​ ​is,​ ​that​ ​at 
this​ ​point,​ ​​fô(x)=0​. 

 



3. Possible​ ​Implications 
a. If​ ​one​ ​applies​ ​a​ ​theorem​ ​without​ ​meeting​ ​all​ ​conditions,​ ​the​ ​conclusion​ ​that​ ​one 

comes​ ​to​ ​is​ ​false.​ ​For​ ​example,​ ​if​ ​you​ ​evaluate​ ​a​ ​function​ ​on​ ​an​ ​open​ ​interval 
instead​ ​of​ ​a​ ​closed​ ​interval,​ ​the​ ​conclusion​ ​that​ ​you​ ​will​ ​come​ ​to​ ​using​ ​the 
Extreme​ ​Value​ ​Theorem​ ​will​ ​be​ ​wrong​ ​because​ ​it​ ​is​ ​not​ ​applying​ ​the​ ​theorem 
correctly.  

 
4. Identifying​ ​and​ ​Classifying​ ​Local​ ​Optima 

a. The​ ​First​ ​Derivatives​ ​Test:​​ ​Given​ ​a​ ​continuous​ ​function​ ​on​ ​an​ ​interval​ ​with​ ​a 
critical​ ​point​ ​​c​,​ ​where​ ​the​ ​function​ ​is​ ​differentiable​ ​(although​ ​the​ ​function​ ​does 
not​ ​need​ ​to​ ​be​ ​differentiable​ ​at​ ​c),​ ​the​ ​derivative​ ​changes.​ ​To​ ​find​ ​a​ ​global 
maximum​ ​or​ ​minimum,​ ​check​ ​​fô(x)​​ ​at​ ​each​ ​point.​ ​If​ ​​fô(x)​​ ​changes​ ​from​ ​positive​ ​to 
negative​ ​as​ ​​x​​ ​increases​ ​through​ ​​c​,​ ​then​ ​​f​​ ​has​ ​a​ ​local​ ​maximum​ ​at​ ​​c​.​ ​If​ ​​fô(x)​​ ​changes 
from​ ​negative​ ​to​ ​positive​ ​as​ ​​x​​ ​increases​ ​through​​ ​c​,​ ​then​ ​​f​​ ​has​ ​a​ ​local​ ​minimum​ ​at 
c​.​ ​If​ ​​fô(x)​​ ​is​ ​positive​ ​or​ ​negative​ ​on​ ​either​ ​sides​ ​of​ ​​c​,​ ​there​ ​is​ ​no​ ​extreme​ ​value​ ​at​ ​​c​.  

b. The​ ​Second​ ​Derivatives​ ​Test:​​ ​Given​ ​a​ ​continuous​ ​second​ ​derivative​ ​on​ ​an​ ​open 
interval​ ​containing​ ​a​ ​critical​ ​point​ ​and​ ​the​ ​derivative​ ​at​ ​that​ ​critical​ ​point​ ​equal​ ​to 
zero,​ ​the​ ​extreme​ ​values​ ​can​ ​be​ ​classified.​ ​​ ​If​ ​​fôô(c)>0​,​ ​then​ ​​f​​ ​​ ​is​ ​concave​ ​up, 
indicating​ ​a​ ​curve​ ​pointing​ ​up​ ​and​ ​signifying​ ​that​ ​​f​​ ​has​ ​a​ ​local​ ​minimum​ ​at​ ​​c​.​ ​If 
fôô(c)<0​,​ ​then​ ​​f​​ ​is​ ​concave​ ​down,​ ​indicating​ ​a​ ​curve​ ​pointing​ ​down​ ​and​ ​signifying 
that​ ​​f​​ ​has​ ​a​ ​local​ ​maximum​ ​at​ ​​c​.​ ​If​ ​​fôô(c)=0​​ ​then​ ​the​ ​Second​ ​Derivatives​ ​Test​ ​is 
inconclusive,​ ​and​ ​one​ ​must​ ​look​ ​at​ ​the​ ​First​ ​Derivatives​ ​Test​ ​to​ ​classify​ ​the 
potential​ ​extrema.  

 
5. Using​ ​The​ ​First​ ​and​ ​Second​ ​Derivatives​ ​Test 

a. The​ ​First​ ​Derivatives​ ​Test 
 

f(x)=3x​4​-4x​3​-6x​2​+12x+1 
fô(x)=12x​3​-12x​2​-12x+12 
​ ​​ ​​ ​​ ​​ ​​ ​​ ​=12(x​3​-x​2​-x+1) 
​ ​​ ​​ ​​ ​​ ​​ ​=12(x+1)(x-1)​2 
If​ ​fô(x)=0, 0=12(x+1)(x-1)​2 
0=(x+1)(x-1)​2 x=​ ​-1,​ ​1 
 
 
 

 
 

 



x -Ð​ ​<​ ​x​ ​<​ ​-1 -1​ ​<​ ​x​ ​<​ ​1 1​ ​<​ ​x​ ​<​ ​Ð 

fô(x) - + + 

f(x) Ѣ ѡ ѡ 

Minimum​ ​at​ ​x​ ​=​ ​-1 
 

​ ​​ ​​ ​​ ​​ ​​ ​​ ​​ ​b.​ ​​The​ ​Second​ ​Derivatives​ ​Test: 
f(x)=3x​4​-4x​3​-6x​2​+12x+1 
fô(x)=12x​3​-12x​2​-12x+12 
​ ​​ ​​ ​​ ​​ ​​ ​​ ​=12(x​3​-x​2​-x+1) ​ ​=12(x+1)(x-1)​2 
fôô(x)=36x​2​-24x-12 =12(x-1)(3x+1) 
fôô(x)=12(3x​2​-2x-1)  
Critical​ ​Points 
​ ​12(x+1)(x-1)​2​=0 x=​ ​-1,1 

 

Critical​ ​Point​ ​(c) fôô(c) Conclusion 

-1 + Concave​ ​up,​ ​local​ ​minimum 

1 0 Second​ ​Derivatives​ ​Test​ ​is 
inconclusive,​ ​but​ ​First 
Derivatives​ ​Test​ ​showed​ ​no 
local​ ​extreme​ ​at​ ​this​ ​value.  

 
c.​ ​​ ​Extreme​ ​Value​ ​Theorem 

 
There​ ​is​ ​an​ ​absolute​ ​maximum​ ​at​ ​​a​​ ​and​ ​an​ ​absolute​ ​minimum​ ​at​ ​​c​​ ​due​ ​to​ ​the 
Extreme​ ​Value​ ​Theorem.  

 

 



Background​ ​Continued​ ​-​ ​Calculus​ ​3 
6. Critical​ ​and​ ​Saddle​ ​Points 

a. Critical​ ​Points 
Briggs​ ​theorem​ ​states​ ​that​ ​if​ ​you​ ​take​ ​gradient​ ​of​ ​a​ ​function​ ​at​ ​a​ ​given​ ​point​ ​on​ ​a 
set​ ​​ ​domain,​ ​and​ ​each​ ​component​ ​is​ ​zero,​ ​then​ ​the​ ​point​ ​is​ ​a​ ​critical​ ​point.​ ​It​ ​also 
states​ ​that​ ​if​ ​a​ ​partial​ ​at​ ​a​ ​given​ ​point​ ​does​ ​not​ ​exist,​ ​then​ ​that​ ​is​ ​also​ ​a​ ​critical 
point. 

 
7. First​ ​and​ ​Second​ ​Derivatives​ ​Tests 

a. First​ ​Derivatives​ ​Test 
For​ ​Theorem​ ​5,​ ​the​ ​function​ ​must​ ​be​ ​once​ ​differentiable​ ​on​ ​the​ ​interval​ ​from​ ​a​ ​to 
b,​ ​and​ ​there​ ​must​ ​be​ ​a​ ​minimum​ ​or​ ​maximum​ ​value​ ​on​ ​the​ ​function.​ ​If​ ​these​ ​hold, 
then​ ​the​ ​first​ ​partial​ ​with​ ​respect​ ​to​ ​any​ ​given​ ​variable​ ​is​ ​zero.  

b. Second​ ​Derivatives​ ​Test 
For​ ​Theorem​ ​6,​ ​the​ ​function​ ​must​ ​be​ ​continuous​ ​and​ ​twice​ ​differentiable. 
Additionally,​ ​the​ ​gradient​ ​of​ ​the​ ​function​ ​at​ ​the​ ​given​ ​point​ ​must​ ​be​ ​zero.​ ​If​ ​these 
hold,​ ​then​ ​we​ ​can​ ​use​ ​the​ ​Hessian​ ​of​ ​the​ ​second​ ​partials​ ​to​ ​determine​ ​whether​ ​a 
point​ ​is​ ​a​ ​local​ ​maximum,​ ​minimum​ ​or​ ​a​ ​saddle​ ​point.​ ​The​ ​exception​ ​is​ ​where​ ​the 
Hessian​ ​is​ ​equal​ ​to​ ​0,​ ​where​ ​there​ ​can​ ​be​ ​no​ ​conclusion. 

 
8. Possible​ ​Implications 

a. Using​ ​a​ ​theorem​ ​when​ ​not​ ​all​ ​the​ ​parameters​ ​is​ ​met​ ​is​ ​likely​ ​to​ ​give​ ​wrong 
information​ ​or​ ​break​ ​the​ ​function.​ ​For​ ​instance​ ​in​ ​Theorem​ ​6,​ ​if​ ​you​ ​try​ ​to​ ​twice 
differentiate​ ​a​ ​function​ ​that​ ​does​ ​not​ ​have​ ​a​ ​second​ ​derivative,​ ​much​ ​confusion 
and​ ​frustration​ ​will​ ​ensue,​ ​and​ ​finding​ ​an​ ​answer​ ​will​ ​be​ ​impossible.​ ​Similarly,​ ​if 
Theorem​ ​5​ ​is​ ​used​ ​when​ ​parameters​ ​are​ ​not​ ​met,​ ​the​ ​conclusion​ ​that​ ​the​ ​partials 
are​ ​equal​ ​to​ ​0​ ​would​ ​not​ ​necessarily​ ​hold.​ ​For​ ​instance,​ ​if​ ​the​ ​point​ ​(a,​ ​b)​ ​is​ ​not​ ​a 
maximum​ ​or​ ​minimum,​ ​then​ ​there​ ​will​ ​be​ ​a​ ​slope​ ​at​ ​(a,​ ​b)​ ​in​ ​the​ ​direction​ ​of​ ​at 
least​ ​one​ ​variable,​ ​so​ ​the​ ​assumption​ ​that​ ​the​ ​partial​ ​is​ ​equal​ ​to​ ​0​ ​would​ ​be​ ​wrong 
and​ ​mess​ ​up​ ​a​ ​computation.  

 
9. Extending​ ​the​ ​First​ ​Derivatives​ ​Test 

a. The​ ​Second​ ​Derivatives​ ​test​ ​in​ ​Calculus​ ​I​ ​determined​ ​concavity,​ ​either​ ​positive​ ​or 
negative,​ ​of​ ​the​ ​overall​ ​function.​ ​Similarly,​ ​Theorem​ ​12.14​ ​determines​ ​the​ ​overall 
direction​ ​of​ ​a​ ​function​ ​with​ ​two​ ​or​ ​more​ ​variables​ ​with​ ​an​ ​almost​ ​direct​ ​analog​ ​of 
max,​ ​min,​ ​or​ ​saddle​ ​points.​ ​This​ ​basic​ ​construction​ ​of​ ​the​ ​ultimate​ ​direction​ ​of​ ​a 
function​ ​at​ ​a​ ​given​ ​point​ ​is​ ​effective​ ​because​ ​it​ ​takes​ ​into​ ​consideration​ ​both 
variables,​ ​as​ ​seen​ ​in​ ​Theorem​ ​12.14.​ ​This​ ​is​ ​trickier​ ​with​ ​the​ ​First​ ​Derivatives​ ​test 
because​ ​there​ ​are​ ​multiple​ ​variables.​ ​This​ ​problem​ ​is​ ​exemplified​ ​with​ ​a​ ​saddle 

 



point,​ ​where​ ​the​ ​point​ ​appears​ ​to​ ​be​ ​a​ ​minimum​ ​point​ ​in​ ​one​ ​direction,​ ​but​ ​is 
actually​ ​a​ ​maximum​ ​point​ ​if​ ​viewed​ ​in​ ​relation​ ​to​ ​another​ ​variable.​ ​This​ ​problem 
makes​ ​it​ ​impractical​ ​to​ ​use​ ​a​ ​first​ ​derivatives​ ​test​ ​as​ ​was​ ​done​ ​in​ ​Calculus​ ​I. 

 
10. Finding​ ​Extreme​ ​Values​ ​Using​ ​the​ ​Second​ ​Derivatives​ ​Test 

 

 
 

11. Optimality 
a. Local​ ​Optimality 

One​ ​can​ ​only​ ​assume​ ​local​ ​optimality​ ​if​ ​the​ ​domain​ ​is​ ​open​ ​because​ ​when​ ​the 
domain​ ​is​ ​open,​ ​one​ ​can​ ​always​ ​extend​ ​the​ ​parameters​ ​and​ ​find​ ​the​ ​function​ ​either 
increases​ ​or​ ​decreases​ ​to​ ​infinity.​ ​In​ ​the​ ​case​ ​of​ ​x​2​​ ​on​ ​an​ ​open​ ​domain,​ ​while​ ​there 
is​ ​a​ ​minima,​ ​y​ ​increases​ ​to​ ​infinity​ ​therefore​ ​a​ ​maxima​ ​is​ ​undefined. 

 



b. Global​ ​Optimality 
On​ ​a​ ​closed​ ​domain,​ ​one​ ​is​ ​guaranteed​ ​global​ ​optimality​ ​at​ ​some​ ​points​ ​because 
when​ ​there​ ​is​ ​a​ ​defined​ ​maximum​ ​for​ ​the​ ​domain,​ ​there​ ​also​ ​must​ ​be​ ​defined 
extrema​ ​on​ ​the​ ​range.​ ​As​ ​the​ ​extension​ ​states,​ ​the​ ​extrema​ ​may​ ​either​ ​be​ ​​ ​defined 
within​ ​the​ ​domain​ ​or​ ​on​ ​the​ ​boundary​ ​of​ ​the​ ​domain. 

 
12. Absolute​ ​Extreme​ ​Values​ ​Over​ ​a​ ​Closed​ ​Domain 

a. Find​ ​Extrema​ ​for​ ​ ​ ​on​ ​the​ ​closed​ ​interval​ ​of​ ​(x)f = x2 + 2 { x | }D − 4 ≤ x ≤ 4  

 
 

13. Extending​ ​Extreme​ ​Values 
a. For​ ​functions​ ​of​ ​3​ ​or​ ​more​ ​variables,​ ​we​ ​expect​ ​that​ ​this​ ​result​ ​will​ ​extend​ ​to 

encompass​ ​critical​ ​points​ ​on​ ​surfaces​ ​and​ ​higher​ ​order​ ​functions.​ ​When​ ​the 
domain​ ​is​ ​defined,​ ​there​ ​must​ ​be​ ​points​ ​of​ ​extrema​ ​for​ ​the​ ​function​ ​as​ ​when​ ​the 
domain/surface​ ​is​ ​limited,​ ​the​ ​range​ ​must​ ​similarly​ ​be​ ​limited​ ​for​ ​a​ ​continuous 
function.  

 
14. Method​ ​of​ ​Lagrange​ ​Multipliers 

a. Conditions 
For​ ​the​ ​conclusion​ ​of​ ​the​ ​Lagrange​ ​Multipliers​ ​to​ ​hold​ ​for​ ​three​ ​or​ ​more​ ​variables, 
the​ ​function​ ​ ​ ​and​ ​the​ ​constraint​ ​function​ ​ ​ ​must​ ​be​ ​differentiable​ ​on​ ​a​ ​regionf g  

where​ ​n​ ​is​ ​the​ ​number​ ​of​ ​variables​ ​in​ ​the​ ​constraint.​ ​It​ ​must​ ​also​ ​hold​ ​that​ ​ҼЍn g  
≠   0!   on   the   curve   ​ ​=​ ​0.g  

b. Conclusions 
The​ ​conclusion​ ​from​ ​this​ ​procedure​ ​is​ ​that​ ​the​ ​points​ ​(x​1​,x​2​,...)​ ​with​ ​the​ ​largest​ ​and 
smallest​ ​corresponding​ ​function​ ​values​ ​are​ ​maximum​ ​and​ ​minimum​ ​values​ ​on​ ​the 
function​ ​ .f  
 

15. Systems​ ​of​ ​Equations​ ​in​ ​Lagrange​ ​Multipliers 
a. The​ ​system​ ​of​ ​equations​ ​in​ ​(i)​ ​must​ ​be​ ​true​ ​at​ ​any​ ​extreme​ ​point​ ​because​ ​it​ ​is 

already​ ​given​ ​that​ ​both​ ​functions​ ​are​ ​differentiable​ ​on​ ​the​ ​interval,​ ​and​ ​ is​ ​notgҼ  

 



a​ ​zero​ ​vector.​ ​The​ ​system​ ​holds​ ​true,​ ​as​ ​the​ ​gradients​ ​must​ ​be​ ​related​ ​by​ ​a 
constant​ ​multiplier.  

 
16. Lagrange​ ​Multipliers​ ​and​ ​Extreme​ ​Value​ ​Theorem 

a. The​ ​method​ ​of​ ​Lagrange​ ​multipliers​ ​is​ ​used​ ​to​ ​find​ ​extreme​ ​values​ ​given​ ​an 
objective​ ​function​ ​and​ ​a​ ​constraint​ ​function.​ ​This​ ​method​ ​is​ ​used​ ​to​ ​find​ ​extreme 
values​ ​for​ ​functions​ ​of​ ​two​ ​or​ ​more​ ​variables.​ ​The​ ​Extreme​ ​Value​ ​Theorem​ ​is 
used​ ​to​ ​find​ ​extreme​ ​values​ ​along​ ​an​ ​interval​ ​of​ ​a​ ​function​ ​of​ ​one​ ​variable.​ ​These 
are​ ​similar​ ​because​ ​the​ ​method​ ​of​ ​Lagrange​ ​multipliers​ ​and​ ​the​ ​Extreme​ ​Value 
Theorem​ ​are​ ​both​ ​used​ ​to​ ​find​ ​extrema,​ ​the​ ​only​ ​difference​ ​being​ ​the​ ​number​ ​of 
independent​ ​variables.​ ​Another​ ​key​ ​difference​ ​is​ ​that​ ​the​ ​Extreme​ ​Value​ ​Theorem 
deals​ ​with​ ​a​ ​function​ ​on​ ​a​ ​closed​ ​interval.​ ​On​ ​that​ ​interval,​ ​the​ ​Extreme​ ​Value 
Theorem​ ​can​ ​tell​ ​you​ ​the​ ​absolute​ ​maximum​ ​or​ ​minimum​ ​value.​ ​The​ ​method​ ​of 
Lagrange​ ​multipliers,​ ​however,​ ​is​ ​used​ ​to​ ​find​ ​absolute​ ​maximum​ ​or​ ​minimum 
values​ ​depending​ ​on​ ​the​ ​constraint​ ​function.​ ​Instead​ ​of​ ​being​ ​limited​ ​to​ ​an 
interval,​ ​the​ ​method​ ​of​ ​Lagrange​ ​multiplier​ ​is​ ​constrained​ ​to​ ​a​ ​function.  

 
17. Absolute​ ​Extreme​ ​Values​ ​of​ ​a​ ​Function​ ​of​ ​Two​ ​Variables  

a. Method​ ​of​ ​Lagrange​ ​Multipliers 
Objective​ ​function:​ ​​f(x,y)=2x​2​+y​2​+2 
Constraint​ ​function:​ ​​g(x,y)=x​2​+4y​2​-4=0 
Objective​ ​function​ ​is​ ​an​ ​elliptic​ ​paraboloid,​ ​constraint​ ​function​ ​is​ ​an​ ​ellipse.  
ộf(x,y)=<4x,2y> 
ộg(x,y)=<2x,8y> 
f​x​​ ​=​ ​ɚg​x f​y​​ ​=​ ​ɚg​y x​2​+4y​2​-4=0 
4x​ ​=​ ​ɚ(2x)​ ​​ ​​ ​​ ​​ ​​ ​2y​ ​=​ ​ɚ(8y) x​2​+4y​2​-4=0 
x(2-​ ​ɚ)=0 y(1-4ɚ)=0 x​2​+4y​2​-4=0 
x=0,​ ​ɚ=2 y=0,​ ​ɚ= 4

1  
If​​ ​x=0,​ ​(0)​2​+4y​2​-4=0,​ ​y= 1±  
If​​ ​y=0,​ ​x​2​+4(0)​2​-4=0,​ ​x= 2±  
Critical​ ​Points:​ ​​(0,-1),(0,1),(-2,0),(2,0) 
f(0,-1)=3 
f(0,1)=3 
f(-2,0)=10 
f(2,0)=10 
The​ ​maximum​ ​value​ ​of​ ​​f​​ ​given​ ​this​ ​constraint​ ​function​ ​is​ ​10,​ ​this​ ​occurs​ ​both​ ​at  
(-2,0)​ ​and​ ​(2,0).​ ​The​ ​minimum​ ​value​ ​of​ ​​f​​ ​given​ ​this​ ​constraint​ ​function​ ​is​ ​3,​ ​this  
occurs​ ​both​ ​at​ ​(0,-1)​ ​and​ ​(0,1) 

 



 
Two​ ​Constraint​ ​Problem 
 

18. Two​ ​Constraint​ ​Problem 
a. Method​ ​of​ ​Lagrange​ ​Multipliers​ ​with​ ​Two​ ​Constraints 

Given​ ​a​ ​Paraboloid,​ ​Cylinder,​ ​and​ ​Point,​ ​calculate​ ​the​ ​point​ ​on​ ​the​ ​curve​ ​where  
the​ ​paraboloid​ ​and​ ​cylinder​ ​intersect​ ​that​ ​is​ ​closest​ ​to​ ​the​ ​given​ ​point.  
Paraboloid:​ ​​z=x​2​+2y​2 
Cylinder:​ ​​x​2​+y​2​=1 
Point:​ ​(2,-2,3) 
This​ ​problem​ ​is​ ​trying​ ​to​ ​minimize​ ​the​ ​distance​ ​to​ ​the​ ​point.​ ​The​ ​objective  
function​ ​will​ ​be​ ​the​ ​distance​ ​formula​ ​using​ ​the​ ​point​ ​given.  

Objective​ ​Function:​ ​​f(x,y,z)=  √(x ) y ) z )− 2 2 + ( + 2 2 + ( − 3 2  
Constraint​ ​Functions:​ ​​g(x,y,z)=​ ​z-x​2​-2y​2 

h(x,y,z)=x​2​+y​2​-1 
ộf(x,y,z)=​ ​< , , >x−2

√(x−2) +(y+2) +(z−3)2 2 2   y+2

√(x−2) +(y+2) +(z−3)2 2 2
z−3

√(x−2) +(y+2) +(z−3)2 2 2  

ộg(x,y,z)=​ ​<​ ​-2x,​ ​-4y,​ ​1​ ​> 
ộh(x,y,z)=​ ​<​ ​2x,​ ​2y,​ ​0​ ​> 
Systems​ ​of​ ​Equations 
1.f​x​​ ​=​ ​ɚg​x​+ɛh​x =ɚ(-2x)+ɛ(2x)x−2

√(x−2) +(y+2) +(z−3)2 2 2  

2.f​y​​ ​=​ ​ɚg​y​+ɛh​y =ɚ(-4y)+ɛ(2y)y+2

√(x−2) +(y+2) +(z−3)2 2 2  

3.f​z​​ ​=​ ​ɚg​z​+ɛh​z =ɚ(1)+ɛ(0)z−3
√(x−2) +(y+2) +(z−3)2 2 2  

4. z=x​2​+2y​2 

5. x​2​+y​2​=1 

 



 
 

19. Three​ ​Constraint​ ​Problem​ ​with​ ​a​ ​Function​ ​of​ ​Four​ ​Variables 
a. Objective​ ​Function​ ​​ ​​ ​​ ​​ ​​ ​​f(w,x,y,z)=​ ​wx+x​2​+3y​2​+z​3 

Constraint​ ​Functions​ ​​ ​​ ​​g​1​(w,x,y,z)=​ ​x​2​+y​2​+z​2​=4 
g​2​(w,x,y,z)=​ ​wxyz=3 
g​3​(w,x,y,z)=​ ​wx+xy+yz=2 

ộf=​ ​<​ ​x,​ ​w+2x,​ ​6y,​ ​3z​2​​ ​> 
ộg​1​=​ ​<​ ​0,​ ​2x,​ ​2y,​ ​2z​ ​> 
ộg​2​=​ ​<​ ​xyz,​ ​wyz,​ ​wxz,​ ​wyx​ ​> 
ộg​3​=​ ​<​ ​x,​ ​w+y,​ ​x+z,​ ​y​ ​> 
Systems​ ​of​ ​Equations 
1. x=​ ​ɚ(0)+​ ​ɛ(xyz)+​ ​ɖ(x) 
2. w+2x=​ ​ɚ(2x)+​ ​ɛ(wyz)+​ ​ɖ(w+y) 
3. 6y=​ ​ɚ(2y)+​ ​ɛ(wxz)+​ ​ɖ(x+z) 
4. 3z​2​=​ ​ɚ(2z)+​ ​ɛ(wxy)+​ ​ɖ(y) 
5. x​2​+y​2​+z​2​=4 
6. wxyz=3 
7. wx+xy+yz=2 

 



Something​ ​New​ ​–​ ​Constrained​ ​Linear​ ​Optimization​ ​(Linear​ ​Programming) 
 

20. Global​ ​Maxima​ ​Over​ ​a​ ​Closed​ ​Interval 
a. Based​ ​on​ ​the​ ​Extreme​ ​Value​ ​Theorem​ ​from​ ​Calculus​ ​I,​ ​the​ ​absolute​ ​extreme 

values​ ​of​ ​a​ ​linear​ ​function,​ ​f(x),​ ​graphed​ ​over​ ​a​ ​closed​ ​interval​ ​[a,b]​ ​will​ ​occur​ ​at 
the​ ​endpoints​ ​of​ ​the​ ​domain,​ ​x=a​ ​and​ ​x=b.​ ​This​ ​is​ ​exemplified​ ​in​ ​the​ ​following 
two​ ​examples.​ ​The​ ​linear​ ​function​ ​f(x)=x+3​ ​graphed​ ​over​ ​the​ ​closed​ ​interval​ ​[0,5] 
has​ ​an​ ​absolute​ ​minimum​ ​at​ ​x=0​ ​and​ ​an​ ​absolute​ ​maximum​ ​at​ ​x=5.​ ​The​ ​absolute 
minimum​ ​occurs​ ​at​ ​the​ ​point​ ​(0,3).​ ​The​ ​absolute​ ​maximum​ ​occurs​ ​at​ ​the​ ​point 
(5,8).​ ​These​ ​points​ ​are​ ​labeled​ ​in​ ​red. 

 
The​ ​linear​ ​function​ ​f(x)=15-2x​ ​graphed​ ​over​ ​the​ ​closed​ ​interval​ ​[5,10]​ ​has​ ​an 
absolute​ ​minimum​ ​at​ ​x=10​ ​and​ ​an​ ​absolute​ ​maximum​ ​at​ ​x=5.​ ​The​ ​absolute 
minimum​ ​occurs​ ​at​ ​the​ ​point​ ​(10,-5).​ ​The​ ​absolute​ ​maximum​ ​occurs​ ​at​ ​the​ ​point 
(5,5).​ ​These​ ​points​ ​are​ ​labeled​ ​in​ ​red. 

 

 

 



21. Global​ ​Extremes 
a. It​ ​is​ ​not​ ​possible​ ​for​ ​a​ ​linear​ ​function​ ​on​ ​the​ ​closed​ ​interval​ ​[a,b]​ ​to​ ​have​ ​global 

extremes​ ​that​ ​occur​ ​between​ ​a​ ​and​ ​b.​ ​All​ ​linear​ ​functions​ ​are​ ​continuous​ ​and 
differentiable​ ​on​ ​a​ ​closed​ ​interval.​ ​By​ ​the​ ​First​ ​Derivative​ ​Test,​ ​the​ ​slope​ ​of​ ​a 
linear​ ​function​ ​remains​ ​constant​ ​throughout​ ​this​ ​interval.​ ​Thus,​ ​there​ ​are​ ​no 
critical​ ​points​ ​that​ ​occur​ ​in​ ​the​ ​interval,​ ​and​ ​therefore​ ​the​ ​endpoints​ ​are​ ​the​ ​only 
values​ ​that​ ​need​ ​to​ ​plugged​ ​into​ ​the​ ​original​ ​function​ ​to​ ​determine​ ​the​ ​value​ ​of​ ​the 
function.​ ​This​ ​reasoning​ ​supports​ ​that​ ​for​ ​a​ ​linear​ ​function​ ​on​ ​[a,b]​ ​the​ ​global 
extrema​ ​will​ ​only​ ​occur​ ​at​ ​a​ ​and​ ​b.​ ​A​ ​counterargument​ ​might​ ​be​ ​that​ ​a​ ​continuous 
piecewise​ ​function​ ​with​ ​all​ ​linear​ ​pieces​ ​on​ ​[a,b]​ ​would​ ​have​ ​a​ ​global​ ​extrema​ ​that 
would​ ​occur​ ​between​ ​a​ ​and​ ​b.​ ​However,​ ​where​ ​the​ ​linear​ ​pieces​ ​meet,​ ​a​ ​corner 
will​ ​occur.​ ​Thus,​ ​differentiability​ ​fails​ ​at​ ​corners​ ​and​ ​the​ ​First​ ​Derivative​ ​Test 
would​ ​not​ ​be​ ​applicable​ ​at​ ​this​ ​point. 

 
22. Linear​ ​Programming 

a. Given​ ​the​ ​following​ ​constraints,​ ​the​ ​domain​ ​of​ ​the​ ​problem​ ​graphed. 
 
 

 




